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Summary

This paper presents an efficient algorithm (FDA2DMT - Free Decay Analysis for 2D Magneto-Tellurics) for the
computation of 2D magnetotelluric (MT) response. We use eigenmode approach for solving the relevant partial 
differential equation. In this approach only a small subset of eigenvalues and corresponding eigenvectors are required 
to get satisfactory results. The requisite small subset (pre-specified number) of eigenmodes is obtained by using shift 
and invert implementation of Implicitly Restarted Lanczos Method (IRLM). We have analyzed that 20-25% smallest 
eigenvalues and corresponding eigenvectors are sufficient to get the acceptably accurate solution. Using this approach 
one can find multi-frequency solution almost at the computational cost of single frequency solution. Here, we are 
presenting the results of two models 2D-1 and 2D-4 taken from COMMEMI project.

Introduction

3D MT response computation is a demanding task and
is an active area of research. Of the several numerical 
approaches being used to perform 3D modeling, we 
concentrate on the use of Eigenmode Approach (EA) 
which is efficient in case of multifrequency 
computations. Here, however, we are only discussing
2D implementation. This method is also discussed in 
the thesis of Christiane Stuntebeck (2003) for 
helicopter-borne electromagnetics. Druskin and 
Knizhnerman (1994) had earlier shown that it is 
possible to obtain the multi-frequency response at 
almost the computational cost for a single frequency 
using Lanczos method. In Eigenmode Approach Finite 
Difference (FD) formulation is used where the domain 
of study is discritized to transform the governing 
Helmholtz’s equation in to a complex matrix equation. 
Air half space is incorporated through integral 
boundary condition. This complex matrix is 
transformed into a real symmetric matrix because 
latter has real eigenvalues. The eigen-analysis of this 
real symmetric matrix is performed.  The physics of 
the problem suggests that only a small subset of small 
eigenvalues and corresponding eigenvectors need be 
considered in the analysis. Hence, invert mode of 
Implicitly Restarted Lanczos Method (IRLM) has 
been used to perform such eigenanalysis. Bi-

Conjugate Gradient Stabilizer (BiCGSTAB) is used in 
shift and invert mode to get a faster convergence.

When we tested the algorithm on 1D/2D models it 
yielded extremely satisfactory results. Here, we are 
presenting the results for 2D models taken from 
COMMEMI project report of Zhdanov et al. (1997).

Theory

Like any EM phenomenon, MT field is also governed 
by Maxwell’s equations which can be transformed, for 
the frequency range used in MT and for the 
conductivity range of the medium, into the following 
vector diffusion equation 
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Here, E is the electric field intensity vector, 0  is the 

free space magnetic permeability and  is conductivity 
function in the study domain.
Assuming harmonic time dependence, exp (it),

equation (1) reduces to the vector Helmholtz equation
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where,  is  angular frequency of the harmonic field 
and b0 is the source vector defined in terms of the 
imposed boundary conditions.

In conventional methods, MT modeling equation (2) is 
numerically solved for different frequencies 
independently. This means that the cost of multi-
frequency (say m frequencies) response generation 
will be m times that of a single frequency response.  
However, assuming a time dependence exp (-λt),
equation (1) reduces to the Helmholtz equation 
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where,  is the decay constant and e(r) is spatial 
dependence of the field E.
Equation (3) is a generalized eigenproblem. This 
problem can be solved numerically using FDM and 
posing the problem as matrix eigenproblem,

nnn eAe  , n=1, 2,…., N, (4)

where A is the NxN coefficient matrix whose elements 
depend on geometry and conductivity distribution, 

n ’s are eigenvalues and ne ’s are respective

eigenvectors. Here, N is the number of internal nodes 
in the grid or the number of unknowns.
Electric field can be represented as a superposition of 
eigenvectors,
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The coefficients na ’s are obtained by exploiting -

orthogonality of the eigenvectors and using equations 
(2), (3) and (5). The resulting expression is given by
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These na ’s are used to solve for the electric field 

values using equation (5). Magnetic field is obtained 
by Maxwell’s equation of Faraday’s law using this 
electric field. MT response functions, impedance, 
apparent resistivity and phase, are obtained by using 
these electric and magnetic fields.

Since in equation (6) n  is in the denominator, main 

contribution to electric field comes from small 
eigenvalues (λ) and corresponding eigenvectors. So,
only a subset of small eigenvalues is sufficient for an 
acceptably accurate solution. One of the methods to 
find this subset is Lanczos method which is briefly 
discussed below.

Lanczos method

Lanczos method is a Krylov subspace based method. 
A basis of Krylov subspace can be obtained by any 
arbitrary vector (V1) and its repeated product with the 
system matrix A. The Krylov basis vectors not being 

orthogonal, the orthogonalized basis vectors serve as 
Lanczos vectors. Initially, Lanczos method was used 
to solve for all eigenvalues and eigenvectors of a 
symmetric matrix using

rVHAV  , (7)

where A is original matrix, V is the matrix of Lanczos 
vectors of dimension N column-wise, H is a 
symmetric tri-diagonal matrix and r is residual vector. 
All matrices are of order N×N and vector r is an N
dimensional vector. 

Complete eigenanalysis of the symmetric tridiagonal 
matrix H need be performed. This, in turn, leads to 
eigenvectors of matrix A. Theoretically r should be 
zero but in finite precision arithmetic it has very small 
value.  

Presently, Lanczos Method is widely used to find a
desired subset of eigenvalues as described by 
Sorensen (1992). In our problem we are interested in 
M smallest eigenvalues and corresponding 
eigenvectors. After M Lanczos vectors generation, the 
residual vector has a finite value. To find M smallest 
eigenvalues and corresponding eigenvectors, we have 
to generate a subspace with M+P Lanczos vectors as 
given below
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In this case V matrix is of the order of N×(M+P) and 
H matrix is of the order of (M+P)×(M+P). Eigen 
analysis of this smaller dimensional matrix H is 
performed rather than full N×N matrix. The 
eigenvalues obtained from this M+P factorization 
reflects characteristics of full spectrum of N
eigenvalues. We arrange M+P eigenvalues in 
increasing order so that last P largest eigenvalues are 
unwanted. These P values are used as shifts to update 
the first M values via QR iterations. In this updating 
process Lanczos vectors are forced into subspace 
corresponding to smallest eigenvalues and the residual 
vector rM+P becomes very small iteratively. This 
technique is known as Implicit Restart Techinque. It is 
recommended that P be greater than M.

With this restarting technique we can compute largest 
eigenvalues efficiently, so we use invert mode to find 
smallest eigenvalues. In invert mode Krylov vectors
are generated with A-1 instead of A. To solve A-1 we 
need an efficient solver and we find Bi-Conjugate 
Gradient Stabilizer (BiCGSTAB) as an efficient 
solver.

Algorithm Testing

We have exhaustively tested FDA2DMT on Weaver’s 
model (1976). First we tested this algorithm for 



uniform half space with uniform and non-uniform grid 
discritization and our results match with analytical 
results. Muti-frequency response is also generated 
with eigenmodes of single frequency and these results 
also match with the corresponding analytical results. 
Next we tested on block model of Weaver for different 
grids - uniform grid, grid given in the paper and a self 
generated non-uniform grid based on skin-depth. Our 
result becomes more accurate as we go from uniform
grid to skin-depth based grid. When we removed the
block we again get the analytical results of half space 
for all grids.

Experimental results

We selected two models from COMMEMI project 
report (Zhdanov et al., 1997) to validate FDA2DMT. 
This project report presents comparisons of modeling 
results, for a suit of models of varying complexities, 
obtained using different numerical techniques. Here, 
we present results for their Model 2D-1, a simple 
model and Model 2D-4, a complex model.

Fig (1a) shows model 2D-1, in this model a block of 
0.5 Ohm-m resistivity, having 1 km width and 2 km 
thickness, is embedded  into a half space of 100 ohm-
m at a depth 0.25 km at the centre. Fig (1b) presents 
comparison of apparent resistivity values obtained 
using FDA2DMT and average values given in 
COMMEMI at different positions on the surface. The 
time period used is 0.1 sec. 

Fig (2a) shows complex conductivity structure of 
model 2D-4. This is a three layer model, having 
resistivities 25, 1000 and 5 Ohm-m with thicknesses 
0.5, 24.5 and 5 km respectively. In the second layer a 
block of 10 Ohm-m is embedded in the left corner and 
besides this a complex conductive body of 2.5 Ohm-m 
is introduced as shown in the Fig (2a). Fig (2b) 
presents comparison of apparent resistivity values
obtained using FDA2DMT and average values given 
in COMMEMI, at different positions on the surface. 
The time period used is 1 sec. 

Our results match well with the data given in the 
report. We observed that our computed values for both 
models are closer to those obtained using algorithms 
based on integral equation method described in 
COMMEMI project.

Computational details

We are giving the computational timing details for 
model 2D-1. For this model, in full eigen-analysis 
using matrix vector multiplication, FDA2DMT takes 
60 minutes, while using Invert mode it takes 90 
minutes. While solving for 25% eigenmodes by
BiCGSTAB time taken is only 30 minutes. It may be 

added that relative rms error between the apparent 
resistivity values obtained using all eigenmodes and 
25% eigenmodes is 0.01. All computations were
performed on a Pentium 4.0 processor with RAM of 
1GB.  
It may be emphasized that eigenmodes needed in 3D 
may be as long as 10-15%, so this algorithm will be 
much more efficient in 3D.

Fig (1a): - Model 2D-1 of COMMEMI, coordinates in
kilometers and resistivity in Ohm-m
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 Fig (1b): - Comparison between COMMEMI and 
FDA2DMT responses for model 2D-1 at 0.1 sec
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Fig (2a): - Model 2D-4 of COMMEMI, coordinates in 
kilometers and resistivity in Ohm-m
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Fig (2b): - Comparison between COMMEMI and
FDA2DMT for model 2D-4 at 1 sec

Conclusion

We have developed a 2D MT modeling algorithm 
which employs Finite Difference Method (FDM) and 
an Eigenmode Approach (EA). The study reveals that 
20-25 % smallest eigenvalues are sufficient for 
accurate field synthesis and these are efficiently 
determined using Implicitly Restarted Lanczos 
Method (IRLM). The test results for two models 
chosen from COMMEMI project of Zhdanov et al. 
(1997) are presented. Our results match the data given 
in the report. It is pertinent to mention that our 
computed values for the models chosen are closer to 
those obtained using algorithms based on integral 
equation method described in COMMEMI project. On 
the basis of the theoretical strength of eigenmode 
approach and the success of numerical experiments, it 
can be concluded that the eigenmode approach is 

efficient for modeling of MT data. This algorithm is 
particularly useful for computation of multi-frequency 
response.
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