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Summary 

 

Present work proposes a model for electrical conductivity response of shaly sand reservoirs for partial saturation (i.e., 

hydrocarbon bearing formations). The theory behind the model is a combination of effective medium theory and mixture 

theory. Lima et al. (2005) have pointed out that plot of bulk conductivity versus water conductivity from Bussian model shows 

inconsistency with the trend of experimental data for water conductivity (σw) less than matrix conductivity (σs). Present work 

proposes a modification of Bussian model also, to be used for that very case. We present a comparative evaluation of various 

volumetric models for electrical conductivity response of shaly sand reservoirs available in literature and proposed models. 

This evaluation has been made for both the cases, water saturation (only water bearing formation) and partial saturation 

(hydrocarbon is also there).   

  

For water saturation case, three popular volumetric models: 1) Bussian (1983), 2) Tenchov (1998), 3) Glover et al. (2000) 

and another proposed by present work (which is a modification of Bussian equation as stated earlier) are evaluated. 

Consistency of proposed model is tested for two cases: 1) matrix conductivity ~ water conductivity, leads to bulk conductivity 

(σo) ~ water conductivity ~ matrix conductivity (i.e., σo = σs = σw , called isoconductivity point) irrespective of values of other 

reservoir parameters because the system virtually turns to a single phase system and 2) for very small value of porosity, bulk 

conductivity tends to matrix conductivity for low salinity range. Bulk conductivity versus water conductivity plot is also now 

consistent with the trend of experimental data. Since, all the three models result in non-linear equations, so, feeling a need of 

some robust non-linear scheme, genetic algorithm (GA) has been implemented inculcating a temperature parameter similar 

to that of simulated annealing (Stoffa and Sen, 1991) to solve and fit corresponding equations to the experimental data 

available in literature. When the three equations from to the three models are fitted to the data of the core sample C-26 taken 

by Waxman and Smits (1968) using GA with a relative root mean squared error (rRMSE) of 2.47% for Bussian model and 

3.92% for Tenchov model, it shows a great improvement over the one worked out by Lima et al. (2005) using the grid search 

method by minimizing the chi-square error with an rRMSE of 10.11% for Bussian model and 14.03% for Tenchov model.  

  

Further, for partial saturation; the proposed model, Tenchov’s model (1998) and Berg’s model (1995) are evaluated. In the 

proposed model, it is assumed that, effective medium theory is best suited to model the electrical conductivity of the formation 

where fluid is effective medium and matrix is dispersed phase. In the case of partial saturation, the fluid is a composite fluid 

which is taken as a bi-component mixture of formation water and hydrocarbon. Theory of mixture yields the conductivity of 

this composite fluid. Since, HanaiBruggeman equation is the basis of effective medium theory, in the original Hanai-

Bruggeman equation, water conductivity is replaced by conductivity of this composite fluid. Consistency of the three partial 

saturation models is tested for three cases: 1) as water saturation tends to unity, resistivity index should also tend to unity and 

2) for very low value of water conductivity, bi-component mixture (composite fluid) virtually turns to a single phase fluid; so, 

resistivity index should not show any noticeable variation with water saturation and 3) resistivity index should never be less 

than unity which we get in the case of Berg’s model when water conductivity is less than matrix conductivity. Only Tenchov’s 

model passes the consistency test. Further, equation from proposed model is modified following the lines of modification in 

Bussian equation for 100% water saturation for water conductivity less than isoconductivity point. Now, we call it modified 

proposed equation which along with proposed equation also passes the consistency test.  

  

Models for partial saturation are fitted to the experimental data of the core sample 3279B from Clavier et al.’s paper (1984). 

All the models fit to the data with an acceptable rRMSE. But, it is found that Berg’s model fits error rather than data. Based 

on assumptions more close to reality, proposed model qualifies to be the best model. 
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Introduction 

 

Electrical log is the most important log for formation 

evaluation because it enables to estimate water saturation. 

These techniques are used for quantitative evaluation of 

aquifers also. The problem of interpretation of electrical 

log data becomes sever when the aquifer is shaly.   

  

There are some empirical equations for interpretation of 

electrical log data from shaly sandstones. But, these 

equations can not be applied for all the cases because these 

equations have empirically been derived for some 

particular region. So, it becomes necessary to establish a 

model for electrical conductivity response of shaly 

sandstones which should be based on well-established 

physical principles and mathematically modelled.  

  

There are two groups of approaches for the same. One 

approach requires, in addition to the measurements of 

some macroscopic parameters (like effective porosity, 

cementation factor etc.), exhaustive electrochemical 

analysis in laboratory to measure cation exchange capacity 

(cec) which is practically not feasible. The second group 

of approaches use contribution of volume fractions of 

matrix and water to the conductivity of formation with 

some constraints imposed by topological configuration of 

the rock constituents. Resultant equations from second 

group are consistent with experimental data and does not 

need the exhaustive lab experiment. These approaches can 

be used for log data interpretation because required 

parameters are easily obtainable from available log 

measurements and easy core analysis. All the models being 

evaluated here fall in the second group. The assumption of 

dispersed clay is to be noted.  

 

Theory  

  

Models for 100% water saturation  

  

Bussian model (1983): Maxwell (1873, 1881) modelled 

for a system having two constituents, 1) a continuous 

phase and 2) a dispersed phase (uniform spheres) which is 

immersed in the continuous phase with the assumption of 

no electrical interference between the constituent 

elements. Maxwell formulation was extended further by 

Wagner (1914) for very dilute solution (the continuous 

phase). Bruggeman (1935) and Hanai (1968) extended the 

work of Maxwell and Wagner for dilute solution to dilute 

suspension. Using Hanai-Bruggeman theory, Bussian 

(1983) proposed effective medium theory in the low 

frequency limit to get electrical response of shaly sands.   

  

Hanai-Bruggeman equation for low frequency range is  

                                                  

                                                        (1)  

  

where σo =  bulk conductivity, σs = matrix (dispersed 

phase) conductivity, σw
 = fluid (continuous medium) 

conductivity, φ = porosity and m = cementation factor.  

  

Tenchov model: Tenchov (1998) modelled shaly sand 

applying mixture theory. The formation is supposed as a 

binary mixture of solid grains and electrolyte. The bulk 

conductivity is expressed in terms of fractional volumes, 

electrical conductivities and topological configuration of 

constituent elements. This approach is able to explain the 

physical meaning of cementation and saturation exponent 

as well.  

  

The resultant equation is  

  

      σo-                      (2)   

  

where the terms have their usual meanings.     

  

Glover et al.’s model: Glover et al. (2000) modified  

Archie’s equation for conducting matrix in the case of 

shaly sand. It has two exponents ―m‖ and ―p‖ that 

describe connectivity of each of the phases (water and 

matrix respectively).    

  

The resulting equation is  

  

                   (3)      

  

Implementation of genetic algorithm (GA) to fit resultant 

equations of corresponding models to experimental data:  

  

After some mathematical manipulation equation (1)  can 

be written (Sri Niwas et al., 2006) as below   

  

                                   (1a) 

 

Where       x      and     a   
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One of the experimental data to which equations (1), (2) 

and (3) are fitted is of the core sample C-26 taken by 

Waxman and Smits (1968). They got bulk conductivities 

as σo = [0.1503 0.1597 0.1826 0.2046 0.248 0.314 0.413  

0.521 0.649 0.750] for water conductivities σw = [0.2085 

0.4049 0.7802 1.492 2.822 5.249 9.45 13.98 19.22 23.35] 

respectively. Our objective was to find such values of m, φ  

and σs which minimize the sum of the left hand sides of 

equations 1(a), (2) and (3) for the ten data points, to zero. 

For the same purpose, we used following fitness function 

to be maximized:  

  

                             F                                       

  

For Bussian model, O is simply sum of the left hand sides 

of equation (1a) for the ten data points. But, for Tenchov 

and Glover et al.’s model O is rRMSE. Table 1 shows the 

parameters used in GA for the three models.  

 

Table 2 and figure 1 show the best fit solution using GA.   

  

Table 1  

            

Parameters  

Models  

PS  CP  MP  IT  DF  NG  

Bussian  200  0.6  0.1  200  0.9196  79  

Mixing  100  0.6  0.1  50  0.9176  88  

Glover  200  0.6  0.1  70  0.8934  72  

  

Where PS = population size, CP = crossover probability, 

MP = mutation probability, IT = initial temperature at first 

iteration, DF = decay factor and NG = number of 

generations until population becomes homogeneous.  

  

Table 2           

              Par.    

Model  

 φ(%)  m  σs  rRMSE(%)  

Bussian  9.3  1.5906  0.1451  2.47  

Mixture  5.75  1.378  0.1511  3.92  

Glover  3.7  1.1181  0.1714  12.67  

  

Table 3 and figure 2 show the best fit solution obtained by 

Lima et al. (2005) for the same core sample applying  grid 

search method by minimizing the chi-square error.  

  

A comparison of tables 2 and 3 shows a great improvement 

of using GA over the one worked out by Lima et al. (2005).  

  

Table 3         

              Par.        

Model  

φ(%)  m  σs  rRMSE (%)  

Bussian  6.05  1.31  0.144  10.11  

Mixture  6.05  1.37  0.136  14.03  

 

 
Figure 1. Showing the fits of σo versus σw for sample C-    26   of 

Waxman and Smits (1968) using GA. 

 

 
Figure 2. Showing the fits of σo versus σw for sample C26 of 

Waxman and Smits (1968) worked out by by Lima et al. (2005).  

 

Modification of Bussian equation: Lima et al. (2005) 

showed the inconsistency of Bussian model for the case

. Experimental data from all over the globe show 

that bulk conductivity tends to a constant value as water 

conductivity tends to zero. But, bulk conductivity versus 

water conductivity plot for Bussian model does not follow 

this trend as shown in figure 7 which is for most general 

values of m, φ and σs  We propose a modification in 
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Bussian equation (now, call it modified Bussian equation) 

for the case  where Bussian equation shows 

inconsistency as below:-  

  

                                                (1c)  

  

Where p is the same exponent used by Glover et al.(2000) 

for the case  After some matematical 

manipulation, equation (1c) can be written as  

  

               (1d) 

 

Where x΄=   and p   

 

Consistency of equation (1c) has been tested with the  

help of following two conditions :-  

  

1) For σw ~ σs, σo → σs ~ σw irrespective of the values 

of φ and p.  

2) For very small values of porosity σo → σs when σw 

→ 0. This fact is more pronounced for smallest 

value of φ and/or smaller value of p (in turn larger 

value of m).  

  

Table 4 shows all these facts.  

  

Table 4  

φ  p  σs  σw  σo  

0.30  0.9  0.1012  0.1010  0.1011  

0.15  0.4  0.1561  0.1559  0.1561  

0.01  0.01  0.1012  0.002  0.1012  

0.01  0.4  0.1012  0.002  0.1008  

0.02  0.01  0.1012  0.002  0.1010  

0.03  0.9  0.1012  0.002  0.0985  

  

Bulk conductivity versus water conductivity plot is also 

now consistent with the trend of experimental data when 

we use modified Bussian equation for  and 

original Bussian equation for as shown in figure 

4. 

 

 
Figure 3. σo versus σw plot for m = 2, φ = 0.35 and σs = 0.15 using 

original Bussian, Tenchov and Glover’s 

 

 
Figure 4. σo versus σw plot for m = 2, φ = 0.35 and σs = 0.15. 

Modified Bussian equation has been used for while 

original Bussian equation has been used for    

 

Models for partial saturation  

  

Berg’s model (1995): Berg (1995), assuming the system of 

resistors (matrix and hydrocarbon) in parallel as the 

dispersed phase, gave the dispersed phase conductivity as  

  

                                          (4)  

where Sw is water saturation and σh is hydrocarbon 

conductivity. For low frequency range, σh can be taken  

zero. So,  
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Now equation (1) gets modified as    

                                            (5)  

  

where σt  is bulk conductivity for partial saturation. After 

some mathematical manipulation, equation (5) can be 

written as  

  

                          (6)  

  

where    y   

 

Using equations (1a) and (6) we plotted resistivity index 

(RI = σo /σt) versus water saturation (WS) for a wide range 

of water conductivity as shown in figure (5), where n = 2 

has been taken without loss of generality. Here we get 

resistivity index value less than unity for 

 which shows the inconsistency of Berg’s  

model for freshwater reservoir.  

 

 
Figure 5. Showing Resistivity index versus Water Saturation plot 

over wide range of water conductivity for Berg’s model for n = 

2, m = 1.5, φ = 0.2 and σs = 0.15.  

 

Tenchov model: It is based on theory of mixture. 

Lichtenecker and Rother (1936) showed that a physical 

property, P, of a mixture having n constituents of the same 

physical property Pi and relative volume Vi can be 

expressed as follows : -   

 

                         P =                             (M)  

where M is called mixture coefficient. Replace 1/M by n 

and applying the above equation for conductivity of the 

composite fluid, we get as below:-  

 

 ;  

 

where  is hydrocarbon conductivity,  is water 

saturation and n corresponds to saturation exponent. For 

low frequency,  = 0 and hence σf = σw Sw 
n.  

  

Further, replace 1/M by m and applying equation (M) to 

partial saturation, we get  

 

                
                                    or  

     

                        (2a)  

  

Using equations (2) and (2a), RI vs. WS is plotted as 

shown in figure (6) which shows consistency with what we 

expect theoretically for the whole range of water 

conductivity. 

 

 
Figure   6.   Showing   Resistivity   index   versus   Water  

Saturation plot over wide range of water conductivity for 

Tenchov’s  model  for  n  =  2,  m  =  1.5,  φ  =  0.2  and  σs  =  

0.15. 

 

Proposed model: Present work proposes that effective 

medium theory is more appropriate than mixture theory to 

model electrical conductivity of shaly sand reservoir. But, 

electrical conductivity of composite fluid comprising of 

water and hydrocarbon should be modelled by mixture 

theory assuming the composite fluid as a bi-component 
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mixture of the two components. Mixture theory yields the 

composite fluid conductivity as   

  

                   
  

At low frequency,  approaches zero and σf . 

Substituting σf in place of σw in equation (1) we get 

equation for proposed model as below  

  

                                                (7)  

  

which can be written as  

  

      

                             (8)  

  

Where     

  

Using equations (1a) and (8) RI vs. WS is plotted as shown 

in figure (7). It shows inconsistency for . Now, it 

is modified for  following the lines of equation 

(1c) as below   

  

                                         (9)  

  

                  (10)  

  

  

Where  z΄=   and  p =   

  

Now using equations (1a) and (10), RI vs. WS is plotted 

for the case  and using (1a) and (8) for the case 

 as shown in figure (8). Now, it is consistent  

with all the conditions specified in introduction part. 

 

 
Figure   7.   Showing   Resistivity   index   versus   Water 

Saturation plot over wide range of water conductivity for 

proposed model for n = 2, m = 1.5, φ = 0.2 and σs = 0.15. 

 

 
Figure 8. a combined plot of RI vs. WS for proposed model and 

modified proposed model for the case of  and  

respectively for the same parameters used in figures 5, 6 and 7. 

 

Implementation of genetic algorithm (GA) to fit partial 

saturation equations to experimental data: The figures (9a), 

(9b) and (9c) show the fits of Berg’s model, Tenchov’s 

model and proposed model to the experimental data of the 

core sample 3279B from Clavier et al.’s paper (1984). 

Bubbles show the experimental data while solid lines show 

the fits of the models. Table 5 shows interpreted 

parameters. 

 



 

 

 

 

 

 

 

7 

 

 

 
Figure 9. Showing the fits to the experimental data of the core 

sample 3279B from Clavier et al. (1984) for a) Berg’s model, b) 

Tenchov’s model and c) Proposed model. Bubbles show the 

experimental data.   

 

 
 

It is to be noted that there is no n term in Berg’s model. 

The core sample was saturated four times with water of 

different salinities of which conductivities were 10.1317, 

6.0606, 3.0581 and 1.0152 in S/m. For each type of water, 

the sample was saturated with different water saturation. 

Figure (9d) shows the fit of proposed model for only one 

value of σw which increases the fitness decreasing rRMSE 

to 1.26%.  

 

 
Figure 9d.  

 

In order to execute Genetic Algorithm, the upper limit set 

to porosity was 0.5 for all the models and lower limit was 

0.1. It is to be noted that the porosity value obtained for 

Berg’s model is near to upper limit. We executed the 

algorithm setting different upper limits of porosity. In case 
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Conclusions  

  

For 100% water saturation case, Bussian model is the best 

for σw > σs. For σw < σs modified Bussian equation needs to 

be critically studied based on experimental data. 

Tenchov’s model is better to evaluate freshwater 

formation.  

  

For partial case, we have seen Berg’s model fits error. So, 

this model is discarded. Further, both Tenchov’s model 

and proposed model pass all the consistency tests and fit to 

experimental data. But, assumption behind proposed 

model is more close to reality than Tenchov’s model. So, 

proposed model is the best to estimate water saturation. 

Further, it is suggested to use a robust nonlinear scheme to 

evaluate these models because the models result in non-

linear equations. Improvement of using GA over grid 

search method emphasizes this fact.  
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